3agauu ¢ napamerpoM (rpadguyecknii npueM perIeHus)
Beenenue

[TpumeHnenue rpadMKoOB MU MCCIETOBAHMH 33]a4 C MapaMeTpaMu HeoObrYaiHo 3¢ dexTuBHO. B
3aBUCHMOCTH OT CIIOC00a MX MPUMEHEHHUS BBIACIAIOT IBa OCHOBHBIX IOAXOA.

IInan pemenus 3aga4 ¢ napamMeTpoM rpagu4ecKuM MeToA0M

B KOOPJAUHATHOM MJI0CKOCTH (X0 )

B KOOPJAUHATHOM MJI0CKOCTH (XOa)

1. Cmpoum e2pacuk pyHKYUU
y=f(x;a), 3adarowut cemelicmeo
KpueblIx, 3agucsujux om napaMempa
a.

2. Onpedensiem npeobpa3oeaHue,
noseonsiouiee nepeimu om OOHOU
Kpueol cemelicmea Kk dpyaoll.

3. Yumaem epaguk u Haxodum
Heobxodumblil epaghuyeckull obpas.

1. 3anucbieaem ypaeHeHue F(x;a)=1(
geude a=f(x) u cmpoum zpacpuk
amoll (hyHKyuu.

2. Haxodum moyku nepecevyeHus
epaghuka pyHkyuu a = f(x) ¢ npsaMbIMu
euda a = a,, napannenbHeiMu ocu Ox.

3. Bbibupaem  abcyuccbl  moyek

nepeceyeHus, onpedensioujue peweHus
@ coomeemcmeuu ¢ ycoguem 3adayu.

§1. BcnomorareJibHbIE 321241

OTH 3a7a4d 4acTO BO3HUKHYT IPH UCCIENOBAHMM YPAaBHEHHMI M HEPABEHCTB C NapameTpaMu
rpagu4ecKuMu METOaMHU.

I'padmueckue meroaspl 0co6eHHO >PGEKTUBHBI MPU UCCIEAOBAHUN YPAaBHEHUN M HEPABEHCTB,
cojepxaimux Moayinu. OHU TO3BOJISIFOT OTOOpaXkaTh HYXHBIC IS PEIICHHS CIy4dau, U HE 3aHUMAThCS
nepedopoM BceX cIy4yaeB HMMEIOT MECTO Npu (OpMaIbHOM pacKpbhITUU Mopyiei. [lostomy mms
perieHus 3a/1a4 Haio YMETh CTPOUTH Tpa@uKku QYHKIUI C MOTYJISIMH.

3anaua 1.1. Tloctpouts rpaduk pyukimu = |2x + 8| + |2x — 6|

Pewenue.

Jlia moctpoeHust rpaduka QyHKIUU pacKpoeM 3HaK MOIYis 00ouX BbIpakeHMH. s sToro
IpUpaBHIEM K HYJII0 00a BbIpaXKEHUS MO 3HAKaMU MOJTYJIS:

2x+8=0 x=—4; 2)2x—-6=0 x=3.

Hanecem Toukm X = —4 u x = 3 Ha 4uCIOBYIO npsamyro (puc.l.l). oHU pa3OuIu YUCIOBYIO
MPSIMYIO Ha TPU TIPOMEKYTKA.

N T~
—4 3 X
puc. 1.1

1) Tlpu x < —4 umeem 2x+8<0, 2x —6 < 0. Ilostomy |2x+8|=—-(2x+8) =—-2x—8,
|2x — 6] = —(2x — 6) = —2x + 6. CnenoBareibHO,
=2x+8|+|2x— 6| =(—2x—8) + (—2x + 6) = —4x — 2.
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2) Ilpu —4 < x < 3 Beipaxkenue 2x + 8 = 0, a Beipakerue 2x — 6 < 0. [Tosromy |2x + 8| = 2x + 8,
|2x — 6] = —(2x — 6) = —2x + 6. CnexoBarensHO,

=|2x+ 8|+ |2x — 6] = (2x +8) + (—2x + 6) = 14.
3) IIpu x = 3 oba BeipaxkeHus 2x + 8 u 2x — 6 Oyayr HeoTpuuateabHbl. [lostomy |[2x + 8| = 2x +
8, |2x — 6] = 2x — 6. CieoBarenbHO,
=|2x+8|+|2x—6]=2x+8+2x —6 =4x + 2
Wtak, uCXOAHYIO (PYHKITUIO MOXHO 3aIKCaTh B BHJIE
—4x —2,ecmux < —4
y =114, ecqu —4<x<3

4x + 2,ecin x = 3
Teneps Jierko mocTpouTs rpaduk (puc.1.2)

puc.1.2

3agaua 1.2. [Toctpouts rpaduk GpyHKIKUN
Pewenue.

= |x? — 10x + 16|

Packpoem 3Hak Monayns, Kak W B Npenblaymied 3amade. Halimem 3HaueHHs X, NPU KOTOPBIX
3HaueHHEe MOJYJsA oOpalllaeTcs B HyJjlb, T.e. PElIUM KBajgpaTHoe ypasHenue x2 — 10x + 16 = 0.

Pemenunem ypaBHeHUs SBISIOTCA yMcaa 2 U 8. DTH uucia AENST KOOPAMHATHYIO NMPSMYIO Ha TpU
IIPOMEXKYTKA.

x?—10x + 16 > 0 mpu x € (—o0; 2] U [8; +0). Torga |x? — 10x + 16| = x? — 10x + 16.
x* —10x + 16 < O mpu x € [2;8]. Torma |x? — 10x + 16| = —x? + 10x — 16.

WTtak, Hamy QyHKIIMIO MOXHO 3aIMcaTh B BUIC
y = {xz —10x + 16,eciux < 2,x > 8

—x?24+10x —16,eciu2 < x < 8
Nckomplii rpadux nzoOpaxkeH Ha puc.1.3

y=-x*+10x-16

10r:7;

"~

2

F=y

=Yy

puc.1.3.

Tor xe camplii TpaduK MOKHO MOCTPOUTH mpoile. CHavyana mocTpouTh rpaduk y = x% —10x +
16, a 3aTeM Ty €ro 4actb, KOTOpasi HAXOAUTCA MO OChI0 OX, CAMMETPUYHO OTOOPA3UTh OTHOCUTEIILHO
ocu Ox



3agaua 1.3. [TocTpouts rpaduk GyHKIUU Y = ||x - 5] - 1| + 4

Pewenue.

MosxHO moCcTpouTh rpaduk, MOCIEAOBATENHHO PACKPBIBAs MOIYIU. A MOXXHO MOCTPOUTH 3TOT
e rpad UK, BHITOTHHUB ITOCIEI0BATEIHHO IPEe0oOpa3OBaHMsL.

I'paduk pyHkuuu y = |x| caBuHyTs Ha 5 equHMI] BrpaBo BAoib ocu Ox. Ilpu 3ToM moaydnm

rpaduk byukuuu y = |x — 5| (puc.1.4)

puc.1.4

3aTeM Mmosy4duBIIHiACSA rpaduK CABUHYTH HA | BHU3 BIoJb ocd O . [Toiayuum rpaduk GyHKIUH
y = |x — 5] — 1(puc.1.5)

puc.1.5

3ateM Ty dYacTh Tpaduka, KoTopas HaxoauTcs HuUxe ocu Ox, OTOOpa3UTh CUMMETPUYHO
otHocuTebHO ocu Ox. [Tomyunm rpaduk Gyrakiun y = |[x — 5| — 1| (puc.1.6)

A
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»

puc.1.6

W Ttenepp, BHOBb MNOJy4MBIIMIcA rpaduk caBuHeM Ha 4 enuHHUIBI BBepX BIoidb ocu O .
[Tonyunm uckomsliii rpaduk pyHkuuu (puc.1.7)
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puc.1.7

3anaua 1.4. IToka3zars, uro rpapukom GyHkuuu y = Va? — x2 npu a # 0 sBISETCS MOTYyOKPYKHOCTD
C LIEHTPOM B Hayaje KOOpAMHAT U PaIuyCcoM |al.
Pemenue.

PaccMoTpuM paBeHCTBO Y = Va? — x? Kak ypaBHEHHE C JBYMs IIEPEMEHHBIMUA X U M IIE€PENUILEM
ero B BuIEe Va2 —x2 =y

Ecim < 0, To O4eBMIHO, YTO ypaBHEHHE pEIICHW He uMmeeT, T.K. Va? —x? >0 npu Bcex
JOIYCTHMBIX d U X.
[Tpu y = 0 ypaBHEHHE PaBHOCUIILHO CUCTEME
y=0 y=0
{az_xzzyz {xz-l—yzza
Kaxk u3BecTHO M3 Kypca reoMeTpuu, OKPY>KHOCTh C IIEHTPOM B Hadalie KoopAuHAT paguyca R (R>0)
uMmeeT ypaBHeHue x2 + y? = R?. Tloatomy x2 + y? = a? ecTh ypaBHeHHE OKPYKHOCTH C LIEHTPOM B
0(0;0) u pamuycom R = Va? = |a|. W, HakoHel, cpeau TOYEK ATOW OKPYKHOCTH MbI JOJKHBI
BBIOpaTh Te, Y KOTOPhIX Y = 0. DTO BepxHss MOIYyOKpyx HOCTh (puc. 1.8). Ona nzobOpaxkena Ooisee
KUPHOMW JTUHUEH.
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puc. 1.8
§2. CeuyeHnne ceMeHCTBOM NPSAMBIX Y = A

3agaya 2.1. B 3aBUCHUMOCTH OT apaMeTpa a ONPEIEIUTh YUCIIO PELIEHUH ypaBHEHUS
[2x + 8| + |2x — 6] = a
Pewenue
Hapucyem rpapuku dynkuwmii y; = |2x + 8| + [2x — 6] u y, = a. I'paduk y; Mbl CTpOHIH B
3anade 1.1. I'paduk y, = a npu Kaxxa0M 3HAUYEHUM @ MPEACTaBIsET cO0O0N MPsAMYI0, MapaieIbHYIO
ocu Ox. llpu pa3HBIX 3HAYEHHSX @ — pas3Hble NpsAMbIe. UUCIO pelIeHnid ypaBHEHHMS COBNANAET C
YHCIIOM TIepecedyeHuil TpaduKoB Y, U V5.
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puc. 2.1.
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Amnanuzupys rpaduku Ha puc. 2.1, momydaem cienyroouiee
1) Ilpu a < 14 peuienuii HeT, Tak Kak rpaduku y; U y, HE mepecekatoTcs (mpsamas Ly ).
2) Ilpu a > 14 rpaduku y; u y, NepecekarTcss B ABYX Toukax (mpsmas [,). CiemoBaTenbHO,
IIPH 3TUX d YpaBHEHHE UMEET /IBa PEIICHUS.
3) U, naxoneu, npu a = 14 rpaduku y; u y, He nepecekaroTcs o otpesky AB (mpsmas [3).
CrnenoBatenbHO, MPU ATUX @ YPaBHEHHE UMEET OECKOHEUHO MHOT'O PEIICHUH.
Omeem: nipu a > 14 nBa peuieHus
npu a = 14 pemieHuii 66CKOHEYHO
npu a < 14 pemieHuit HeT

3amaua 2.2. IIpu Bcex a pemmnTh ypaBHenue [2x + 8| + |2x — 6] = a

Pewenue.

DTa 3aj1a4a ABJIACTCS MPOIOJDKEHHEM MPEIbIIYINeH 3a1aun. Terneps HaM HaJ0 HaWTH HE TOJIBKO
YHCIIO pElIeHWH YpaBHEHMS, HO M caMH 3TH pemienus. Onste pucyem rpapukum y; = |2x + 8| +
|I2x —6|luy, = a.

Y
oy
kf\\? ‘;:( / N=a
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S =1 4i
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\—4 3 N
X, = —iQ 0 X, = Eil.x
puc.2.2

Kak mbl Buzienu B nmpenpiayiiei 3agaue:

1) Ilpu a > 14 ypaBHeHue umeeT Ba pemeHus. [Ipu 3ToM permeHusmMu 6yayT aOCIUCCH TOUEK
nepeceueHus: rpadgukoB y; u y,. Haiinem ux. JleBas BeTBb rpaduka y; 3amaeTcs ypaBHEHHEM
¥, = —4x — 2. UroObl HaliTH TOUKY MepeceueHus, NpupaBHsieM Yy, = Y,. Nmeem, —4x — 2 = q,

-a-2 o
OTKymadx = —a—2 u x; = —, — TEpBBIil KOPEHD HAIIEr0 YPaBHEHUs (puc. 2.2)
[IpaBas BeTBb rpaduka 3amaercs ypaBHeHHEM Y, = 4x + 2. Mmeem 4x + 2 = a, oTKyna
-2 o
HaxXOOUM X, = aT — BTOpOM KOpeHb ypaBHEHUS (puc.2.2)

-a-2 a-2
nXy =—

Wrak, ypaBHEHHE NMEET 1Ba KOPHA X =

2) Ilpu a = 14 npsimas y, = a Ha npoMexyTke [—4; 3] coBmamaer ¢ «IHOM» rpaduka y;. Bce
3HAYEHHS X U3 3TOTO MPOMEXKYTKa U OyIyT MHOKECTBOM pelleHuil npu a = 14
3) npu a < 14 — peuieHuit HeT



—a—2 a—2
Omeem: nipu a > 14 nBa pelieHus x; = — X2 =

npu a = 14 pemeHusMu SBISIOTCA X € [—4; 3]
npu a < 14 pemieHuit HET
kskosk

Eme pa3 mocMoTpuM Ha penieHus mociaeIHux AByx 3a1ad. CyTh UX CBOJIMIIACH K cieayromemy. Mbl
noctpowtn rpapuku  pyHkumid y; = [2x + 8| +|2x — 6| u y, =a. I'padux dyskuuun y;
IpeAcTaBiIseT coOOM JIOMaHyro, HE 3aBHUCAIlYI0 OT mapamerpa. ['paduk Yy, = a mpu KaxIoMm
3HAYeHUU a €CTh MpsiMas, napaiensHas ocu Ox. VI Mbl mepecekanu rpaduk y; ¢ TpapuKOM Y.
[TockonbKy IpU pa3HBIX 3HAYCHUSAX a HPSAMBIE Y, = a OyAyT pa3sHBIMH, TO MOXHO CKa3aTh, YTO MBI
nepecekaeM rpaduk cCeMeHCTBOM MpPSMBIX Y, = @, MapauledbHbIX OocM Ox (0TCI0/la U Ha3BaHUE —
MeTox cedeHuil). Unmcno Todek mnepecedeHuss rpadukoB y; M Y, COBIAJAET C YUCIOM KOpHEH
ypaBHeHus. [Ipu pa3nuyHbIX ¢ 3T0 MOTYT OBITh pa3Hble uucia. B 3agaue 1.1. Mbl BUEH, 4TO MPSIMbIC
Yy, = a npu a > 14 nepecekaer rpadpuk y; B ABYX TOYKax, a npu a < 14 BooOIie HE MepeceKaroT
rpaduk y;. Haxons Ternepb abcuucchl TOUEK MepecedeHus 3TUX rpadKoB, Mbl HAXOJUM CaMU KOPHH
ypaBHEHHsI, KOTOpBIE, ECTECTBEHHO, 3aBUCST OT IIapaMeTpa d.

DTa uaes JISKUT B PELICHHMH BCeX ypaBHeHHH ¢ mapamerpamu f(x) = g(x) MeTOJOM CEUCHH.
OTnuuus ke pa3iIMyHbIX 337ad JPYr OT Apyra COCTOST TOJNBKO B CIEAYIOIMIMX MOMEHTax: 1) Kakas
¢GyHKuMs B3sTa B KauectBe Y7 = f(X) u 2) KaKUM CeMEHCTBOM KPUBBIX Y, = g(x) (MM PSAMBIX) MbI
Oyznem nepecekaTh rpaduk QyHKIUU Yy

B crenyromux mpumepax Mbl pacCMOTpUM HauOoJiee YacTO BCTPEYAroIIMecs ceMeicTBa y = a,
y=x+a,y=ax,y=|x—al,x*>+vy?=a? y=Va® — x% u HeKOTOpHIE JPyTHE.

Te ke camble COOOpaKEHUS UCIIONB3YIOTCS U TIPH petieHnn HepaBeHcTs f(x) < g(x). Tompko npu
pCLICHUN HEPAaBEHCTB MBI HIIEM IPOMEKYTKH, Ha KOTOPbIX rpaduk dyHkuun y; = f(x) Haxomurcs

Huxe rpaduka y, = g(x)

Ipumep 2.3. [Ipu Bcex a penuth HEPaBEeHCTBO [2x + 8| 4+ [2x — 6] < a
Pewenue.
Ham wnamo Haiitm Bce x, mpu KOTOpbIX Tpaduk y; = |2x + 8| + |2x — 6] HaxomuTcst HmKe

rpaduka y, = a. Bocnons3oBaBuuce rpagukaMu Ha puc.3, Mbl BUIAUM, 4TO NpU a > 14 penieHusMu

Oynyt xe (_‘1—2 ; aT_Z), anpu a < 14 peueHuil HeT

-a-2 a-2
Omeem: ipu a > 14 pelIeHUs MU SBISIOTCA X€ 2 )

npu a < 14 pemeHui Her.

Ipumep 2.4. Onpesenuts, Opu Kakux a ypasHenue |x2 — 10x + 16| = a? — 8a umeer Gonee
JBYX pELICHUI

Pewenue.

Hapucyem rpaduku Gpynkumii y; = |x2 — 10x + 16| u y, = a? — 8a . Iloctpoenue rpaduka y,
MBI pa3Oupanu B 3agaue 1.2.

3ameTuM, uTo (QYHKUUS Y, He 3aBUCUT oT X. [loaTomy B cucreme koopauHaT xO rpaduk
GyHKIUN Y TpeacTaBiseT co0oil ceMeilcTBO HpsMbIX MapaienbHblXx ocu Ox. O003HauuM AJis
ynoberea = a? — 8a. Torna y, = c. O6a rpaduka npeacTaBiIeHbl HA pUCYHKe 2.3



puc.2.3

OueBUAHO, YTO B 3aBUCUMOCTH OT ¢ YPaBHEHHE MOKET HE MMETh PELICHUH, UMETh 1B, TPH MU
4yeThlpe pemieHus. Tpu pemeHus ypaBHEHHE HMEeT, KOrja mpsiMas Y, = C KacaeTcs BEpIIUHBI
napaboisl. 910 uMeeT Mecto Tipu ¢ = 9. Uetsipe pemenus oynyt npu 0 < ¢ < 9. OObeIMHUB ATH JBa
ciydas, nonydaem 0 < ¢ < 9. IloacraBup = a? — 8a, noiyyaeM JBoitHOe HepaBeHCTBO 0 < a? —
8a < 9. Pemennewm ero 6yayr a € [—1;0) U (8;9]

Ortser: ipu a € [—1; 0) U (8; 9] ypaBueHue umeeT Goiee ABYX pELICHU

§3. Ceuenue ceMeliCTBOM NPSAIMBIX Y = X + a

3agaua 3.1. Ilpu Bcex 3HaAueHHUSAX MapaMmeTpa d OINPEAEIUTh YUCIO PEUIeHUH ypaBHEHUs
||x—5|—1|+4=;£+a

Pewenue.

Hapucyem rpaduku pyHKIMH y; = ||x - 5| - 1| +4u y,= §+ a. I'papuk dyHKIIUU Y, =

x . 1
St a IpH KaKI0M a TpeiCTaBIseT co00if MpsAMYIO € YrIoBbIM KO3 duiimeHToM k = >

X )
1) Korga npsimast y, = > 1 @ MPOXOIUT HIKE TOUKH A (puc. 3.1 npsmas [;) pemenuit Het. 910
HUMeeT MeCTO, KoTaa

6
y,(6) < 4 E+a<4 a<l1

K B(5;5) /T B
Is
ls
h
C4) A6 4 I, A4 I,
i 5 6 x 45 & %
puc.3.1

2) Korga npsimast y, = §+ a npoxouT yepe3 Touky A (puc. 3.1 npsmas l,) ypaBHeHUE UMEET
0/1HO perenue. Mmeem

6
y,(6) =4 E+a=4 a=1
3) Eciu mpsimast y, = g + a nmpoxoauT BeIIE TOYKU A, HO HMke Touku C (puc. 3.1 npsmas [3)

ypaBHEHHE UMeeT JBa perienus. [Tocieanee nmeer MecTo, koraa y,(6) > 4 u y,(4) < 4. Umeem



6
y(6)>4 J;ta>4 {a>1 _
" ae(1;2)
y,(4) < 4 “+a<4 a<?
4) Korna npsimast y, = §+ a npoxomut 4yepe3 Touky C (puc. 3.1 npsimas l,) ypaBHEHHE UMeEET

TpH pemeHns. ITo OyAeT IpHU BHIIOJTHEHUN PABEHCTBA

4
y,(4) =4 E+a=4 a=2

X
5) Ecnu npsamas y, = - 1 @ mpoXonuT BhIlIE TOUKHU C, Ho HIke Touku B (puc. 3.1 npsmas [s)
HCXOJ/IHOE YpaBHEHHE UMEET ueThipe perienus. [locneanee mmeer mecto, Koraa

2;2,5)
5y<5 5 a<2s 9
6) Korna npsmas y, =+ a npoxoaut 4epes Touky B (puc. 3.1 npsmas lg) ypasHeHue nmeer

{y2(4)>4 {%+a>4 {a>2

TpH pemieHus. [locneanee numeer Mecto npu

5
y2(5) =5 §+a=5 a=25

X
7) Korna npsamas y, = >t @ mpoXoxuT BhIIIE TOUKH B (puc. 3.1 npsimas l;) ypaBHEeHUE CHOBa
UMeeT JiBa peleHust. ITo OyAeT Ipu BIIIOJHEHUH HEPAaBEHCTBA

5
y,(5) > 5 E+a>5 a>25

Co0OpaB BOoeIMHO BCE MOTYYEHHBIE PE3YJIbTATHI, TIOJTy4aeM
Omeem: npu a < 1 HeT pemieHU
npu a = 1 ypaBHeHHE UMEET OJHO PEUICHUE
npu ae(1; 2) u ae(2,5; +00) ypaBHEeHUE UMEET J1BA PEIICHUS
npua =2 ua = 2,5 ypaBHEHUE UMEET TPH PELICHUS
npu a€e(2; 2,5] ypaBHEHUE UMEET YEeThIpe peIIeHUs

§4. Cedenne ceMeiicTBOM NPSAMBIX Y = aAX

3amaua 4.1. IIpu Bcex a ONpPENETUTh YUCIIO PEIeH i ypaBHeH s |x + 3| = ax
Pewenue.
IMoctpoum rpaduku y; = |x + 3| u y, = ax . [Tostomy rpaduk QyHKIMH V;IPEACTABISET COOOM
YTOJIOK C BEPIIMHON x = — 3. PackpbiBas 3HAK MOAYJISA Y QYHKIIUH Y;, TOJIydaeM
_ ( x+ 3 npux = —3(seBast 4aCTb yroJiKka)
Y11= {—x — 3 npux < —3 (npaBad 4acTh YroJjKa)

I
¥ A I Y
I, \ /

%Y




(T'paduk QyHKIUH y; MOKHO MOJIYYHTH MyTEM MepeMmeleHus rpaduka |x| Ha 3 eIUHHUIBI BIEBO
BJ10JIb ocu Ox)
I'paduk y, = ax npu Kaxa0M KOHKPETHOM 3HAYCHUHU a MPEACTABISET COO0M MPsIMYI0; IPH Pa3HBIX
pasHble MpsiIMbIE, HO BCE OHU IIPOXOJIAT Yepe3 Hayallo KoopauHar (puc. 4.1)
Haiigem umcno Todek mnepeceueHus: 3TUX rpauKkoB B 3aBUCUMOCTU OT 3Ha4eHHM a. PaccmoTpum Tpu
ciyvyasi: a =0;a>0ua<0.
1) Eciiu a = 0, 10 y, = 0. D10 mpsimasi, coBmazaroias ¢ ocbto Ox. OHa UMEET C YroJKoM Y, = |x + 3|
OJIHY OOITYIO TOUKY X = —3.
2) Ilpu n10661X a > 0 mpsiMast y, = ax NPOXOAUT HWXKE BEPIIUHBI «yroika» (puc.4.1a), mo3romy oHa
HE MEPEeCceKacTcsi C JICBOi BETBbIO yrojika y; = |x + 3|. Haiigem, npu Kakux a OHa MEPEceKacTcs C
MpaBoOi BETBBIO ATOrO yroiyika. [IpaBas BeTBb UMeeT ypaBHEHUE Y; = X + 3. YrioBoi KodpduueHt
stoit psimoit k = 1. CnenoBatenbHo, pu a = 1 npsimast y, = ax napajuielbHa MPaBO BETBU yrojika
(puc.4.1a, npsmas ).
N3 sroro caemyet, uro nmpu 0 < a <1 mnpsamas y, = ax OyAeT pacXOJUTbCS C MPaBOH BETBHIO
(puc.4.1a, mpsimas 1,). ITostomy ipu 0 < a < 1 ypaBHEHHE pEeUICHUN HE UMEET.
[Ipu a > 1 npsimast y, = ax OyAeT nepecekaTscs ¢ MpaBoi BeTBbIO Yy, = x + 3 (puc.4.la, npsamas [3).
CrnenoBatenbHO, ypaBHEHHE OyI€T UMETh OJHO PEIICHHE.
Cnyuait a > 0 mOJIHOCTBIO UCCIIEIOBAH.
3) a < 0. OueBugHo, uto npu a < 0, mobas npsiMas y, = ax Mnepecekaercs ¢ MPaBoil BETBHIO YrojKa
vy, = |x + 3| (puc. 4.16). D10 o3Hayaer, yTo npu a < 0 OxHO pemieHue Bcerga mmeercs. Haiimem
Tenepb, MPU KaKuUX a mpsMas Yy, = ax IepeceKaeTcsl ¢ JeBOW BETBbIO yroika. JleBas BeTBb MMeeT
ypaBHeHue y; = —x — 3. CienoBarenbHo, Ipu a = —1 mpsimMas y, = ax OyIeT el mapauieiabHa
(puc.4.16, npsimast ly), a npu a < —1 npsimas y, = ax Oyner ¢ Heil pacxoautbes (puc.4.10, npsamas
l5). CnenoBarensHo, ipu a < —1 u a = —1 ypaBHeHue OyAeT UMETh TOJIBKO OJTHO PEIlICHUE.
A Bor pu —1 < a <0 mpsamas y, = ax OyAeT mepecekaTb U NPaBYIO, W JIEBYIO BETBU YrOJKa
(puc.4.16, npsimast lg) u, cneqoBaTenbHO, ypaBHEHUE OYAET UMETh JIBa PEIICHUS
Omeem: ipu 0 < a < 1 ypaBHEHHE pEIICHUI HE UMEET;

npu a>1,a < —1, a = 0 o1HO pelIeHue;

mpu —1 < a < 0 gBa pemeHus.

IMpumep 4.2. Tlpu KakuxX MOJOXKHUTENBHBIX @ ypaBHeHue |2x + 8|+ [2x — 6| = ax umeer omHO
perieHue
Pewenue.
Hapucyem rpapuku pynkmumit y; = |2x + 8| + |2x — 6] wu y, = ax. ['paduk y, = ax npu KaxmaoMm
@ TIPEJICTABIISET CO00# MPSIMYI0, MPOXOSIIYI0 Yepe3 Hadamo KoopauHat. Kak crpourtcst rpaduk y,,
MBI pa3oupainu B 3aaaue 1.1. 31ech TOIBKO HATOMHUM

—4x — 2, eciu x < —4

v, =414, ecim —4<x<3
4x + 2,eciu x = 3

puc. 4.2



Wtak, HaM HaAO0 HaAWTH TIOJOKUTEJNbHbIE 3HAUYEHUS a, NPU KOTOPbIX TrpaQuku y; U Yy, HE
IIEpECEKar0TCsl.

[IpaBast BeTBb MMeeT ypaBHeHHE y; = 4x + 2. IlosTomMy mpsimast y, = ax OyneT mapajielnbHa 3TON
BeTBH IIpu a = 4 (puc.4.2, npsimas l;). CnenoBarensHo, npu Jo0oM a > 4 mpsmas y, = ax Oyner
nepeceKkaTbest ¢ MpaBoil BETBBbIO yq = 4x + 2 (puc.4.2, npsimas l,). M3 cka3aHHOTO SCHO, YTO TPH
a > 4 ypaBHEHHE UMEET OJIHO peIlIeHHE, U He uMeeT pemennit mpu 0 < a < 4.

Omeem: 0 < a < 4.

IIpumep 4.3. Haiinute Bce 3HaueHUs napaMeTpa a, Ipu KaxJ10M U3 KOTOPbIX YpaBHEHUE

6
——3|=ax—2
X

Ha npoMexxyTke (0;+00) UMEET POBHO TPHU KOPHSI.

Pewenue.
Haiinem Bce 3HaueHus mapameTpa @, Mpyu KOTOPBIX IpsiMast y; = ax — 2 ©UMEET POBHO TPH OOIITHE TOUYKH

. 6 .
C TOM YacThio rpaduka GYHKIUU Y, = |; — 3|, KOTOpasi pacroJiokKeHa B MPaBOM MOJTYIUIOCKOCTH (X >

. . 6
0). [Mocnenuuii rpaduk mpeacTaBiseT coO0i MpaByr0 BETKY THIEPOOIBl Y = ~ KOTOpYio a) CMECTUIIU

Ha 3 eqMHUIBI BHU3, 0) Ty YacTh rpaduka, KOTOpas pacnojoxkeHa Hike ocu Ox 3epKalbHO OTPa3Hix
OTHOCHTENIBHO OCH a0CIHCC B BEPXHIOIO MOJYIUIOCKOCTh. 3aMETHM TaKKe, 4TO MpsiMast y =ax —2
npoxoaut 4epe3 Touky (0; -2) mpu ar000M 3HAYEHHM MapamMeTpa d, KOTOPBIH SIBISIETCS YIJIOBBIM
KO3 PHUIIHEHTOM.

puc. 4.3

Buanm, 4TO yCIOBHMIO 3aJa4d OTBEYAIOT BCE MPSAMBIC, PACIOJIOKEHHBIE BHYTPH 3alITPUXOBAHHOU
o0nacTu.

3HaveHHe mapaMeTpa, COOTBeTCTBYyIoMIee rpanulie (1), Haxoaum u3 ypasHeHus 0 = 2a — 2, a=1.
3HaueHue mapameTpa, COOTBETCTBYIOIIEE TpaHuIle (2), HaXOAUM U3 YCIOBHUS KacaHUs MPsIMOU

y=ax—2 urpapuka QyHKIHH Y = — (S - 3) (oTpakeHHOM YacTH runepooIIb).

6 .
YpaBHeHHE — St 3 = ax — 2 J0mKHO UMETh POBHO OJUH KopeHb. [locne nmpeobpazoBanuii mosyyaem
KBajpaTHOe ypaBHeHHe ax’ —5x + 6 =0 (oueBuaHo, uro a > 0), AMCKPUMHHAHT KOTOPOTO

25 25
IIPUPABHUBAEM K HYIIO: 25 —24a=0,a = o VYc10BHIO YAOBIETBOPSIOT BCE A€ (1 ; Z)'
25
Omeem: (1;—)
24
§5. Kacanue napa60Jib1 1 npsimoii
[Ipexne, yeM NepexoauTh K CIEIYIoUIel 3ajaue, pacCMOTPUM YCIOBHSA, IPU KOTOPBIX IMpsMast

vy, = kx + m kacaercs mapaboiibl y, = ax? + bx + c. Crydaii kacaHus IPsIMOY U TTapaboJIbl 03HAYae,
YTO OHU UMEIOT TOJIBKO OJTHY OOIIYyI0 TOUKY (puc.5.1).

10



g

=y

o x
puc.5.1

Ha si3bIke anreOpsl 9TO 03HAYaeT, YTO PABEHCTBO Y1 = Y, BBINOJHACTCS TOJIBKO IPU OJHOM 3HAUCHHUU
x. mu ipyrumu cioBamu, 4to ypaBHenue kx + m = ax? + bx + ¢ UMeeT POBHO OJIHO PEIEHHE.
IIepenocs Bce WIEHBI 3TOr0 YPaBHEHHUs B OJJHY CTOPOHY, IIPUXOAUM K KBaJAPAaTHOMY YPaBHEHUIO
ax?+b—-k)x+(c—m)=0
A KBajIpaTHOE YpaBHEHHE MMEET OJHO pEIICHHE TOJBKO B TOM Cilydae, KOTJa €ro JTUCKPUMHHAHT
paBeH 0. DTO M ecTh HEOOXOQMMOE M JIOCTATOYHOE YCIOBHE KacaHHs NpsAMOH y; = kx +m u
napabonsl y, = ax? + bx + ¢. U3 ckaszannoro cpasy cieayer: ecimd D > 0, To ypaBHEHHE MMEET JBa
pelIeHus X1 U X, . A 3TO O3HAYaeT, 4To NnpsiMasi Y, MepecekaeT napadoiy y, B ABYX ToUkax (puc. 5.2)

puc. 5.2
W, nakonen, ecmu D < 0, To mapabona u npsiMasi He UMEIOT 00IUX Touek (puc.5.3)

|

0 X

puc. 5.3

3aMeTUM TaKkkKe, YTO W3 MPOU3BOJBHOM TOUKM A, HAXOAALICHCS BHE Mapadolibl, K mapadoie MOXKHO
NIPOBECTH JIBE KacaTenbHbIe (Ha puc.5.4 310 KacatenbHble [ u [,, mpoBeneHHbIe U3 Touku A). SIcHo,
uto [ u [, KacaroTcs mapabosbl B pa3HBIX TOYKAX.




3agaua 5.1. IIpu Bcex a = 0 onpenenuTs YUCIIO PELICHUH ypaBHEHUS
|x? —10x + 16| = ax
Pewenue.
[Moctpoum rpaduku y; = |x?2 —10x + 16| u y, = ax (puc. 5.5). Ilocrpoenue rpaduxa y; =
|x2 — 10x + 16| 6b110 pasobpano B 3agaue 1.2. Hanomuum,
o _ (x?—10x + 16,ecinx < 2,x > 8
Y1 =" = 10x + 16| _{—x2+10x—16,ecn1/12£x£8
To ectb rpaduk y; = |x? — 10x + 16| cocrouT n3 aAByx mapabo:n: mapadoisl y; = x2 — 10x +
16 na muoxecte X € (—o0;2] U [8;+) u mapabonsl y; =-x2 + 10x — 16 Ha MHOXKecTBe X €
[2; 8]. I'paduk y, = ax npu Bcex a ecTb mpsMasi, IPOXOAIas 4epe3 Hayajao KOOpIAUHAT.
Paccmotpum nBa cinyvas: a =0wua > 0.

Cayyaii 1. a = 0. Torna y, = 0 ectb npsmasi, copnaaarmomias ¢ ocbto Ox. OHa nepecekaer

rpaduk y; B ABYX TOYKax x; = 2 U X, = 8 (puc.5.5). CnenoBarensHo, npu a = (0 ypaBHEHHE UMEET
JIBa PELICHUS.

L
YA I,

I,

o0 2 8 x

puc. 5.5

Cayuait 2. a > 0. Torna npu «HeOOJBIIUX» g, NpsMas Y, = ax IepecekaeT rpadguk y; B
9eThIpex Toukax (puc.5.6, mpsmast [;). OTo OyneT 10 MOMEHTa KacaHUs MPsSMON Y, = ax ¢ mapadoson
y1 = x? — 10x + 16 (upsamas l,). Haiizem, npu Kakux a npsmas y, = ax KacaeTcs napaboJisl.

Kacanne mapa0osisl v psiMOii paBHOCHIIBHO TOMY, YTO YpaBHEHHE

—x?+10x—16=ax x*+(@a—-10)x+16=0
uMeeT 0JIHO peleHue. JTo oynert, ecnu D = 0. meem
D=(a—10)>-64=a*-20a+36=0 a,=2;a,=18

Wrak, kacanue npsamoii y, = ax u napaboisl Oyner mpH IByX 3HaUeHHsX a. Ho HaMm moaxoaut
TOJBKO OJHO 3HaueHHe a = 2. Jleno B TOM, YTO Mbl pacCMaTpUBaeM He BCIO mapabony y; = x2 —
10x + 16, a ToNBKO €e 4YacTh Ha mpoMmexyTke [2;8] u mpu a = 2, npsmas y, = ax OyaeT KacaThCs
Hamei mapaboibl BHYTPH pPacCMaTpUBAEMOTO MPOMEXKYTKA; Mpu a = 18 kacaHume OyneT BHE ITOTO
npomexyTtka. [Tokaxem 3to.

1) a = 2. Ypasuenue umeet ug —x2 + 10x — 16 = 2x 1py 5TOM 3HAYEHHH d.

OHO WMeeT eNWHCTBEHHOE pemieHne x = 4 W ecTb Touka Kacanus. OHa TPHHAIICHKUT
npoMexyTKy [2; 8]. Cka3aHHOE BBIIIE IPOMUTFOCTPUPOBAHO Ha pHC. 5.6

’) 5
3%

puc. 5.6.



2) a = 18. Torna ypaBHeHue umeeT Bua —x2 + 10x — 16 = 18x. Ero eqMHCTBEHHOE pELICHUE
X = — 4 HaxomUTCs BHE MPOMEKYTKa [2; 8], Ha KOTOPOM paccMaTpUBACTCs Hallla Iapadosa yy .

Hrak, HaM IOJXOJIUT TOJIBKO a = 2.

Bosspatumcss k rpadukam Ha puc. 5.5. M3 BeimeckazanHoro sicHo, 4to mpu 0 <a <2
ypaBHEHHE UMeeT ueThipe pemeHus (npsmas [4). [lpu a = 2 — tpu pemenus (npsmas l,). lpu a > 2 -
nBa pemreHus (mpsmas [3).

Omeem.: nipu a =0 u a > 2 ABa pelIcHU

IpH a =2 TpHU pelieHus
npu a € (0; 2) JeTsipe pemeHus

§ 6. [lo1yoKpy:KHOCTH M IPSIMast

2X a
3agauya 6.1. [Ipu Kakux 3HaYECHUSIX @ HEPABEHCTBO V a? —x2>9— 5 3 AMeeT XOTs OBl OHO

OTpUIIATEIBLHOE PEIICHUE.
Pemenue.

2x
1) a = 0. Torna Hame HepaBeHCTBO umeet Bux V—Xx2 > 9 — — > KOTOPOE, OYEBU/IHO, PELICHHH He

HUMCCT.

2
2) a=#0. Tlocrpoum rpabuxu y; =+vVa%—x% u v, =9 — ?x — %. I'padux y; ecth

MOJIYOKPYKHOCTh C IIEHTPOM B TOYKE B Hayalle KOOPAMHAT U paauycoM |a| (cMm. 3amauy 1.4). I'paduk
y, — npsimasi. O6a 3Tux rpaduk npeacraBieHsl Ha puc. 6.1.

YA

M| lal

[}
! |
99993997, /}l la| -
B x |0 XA X

puc. 6.1

Pemennem HepaBeHCTBA OYAYT BCE TOUKH, IPU KOTOPHIX IpadUK Y, HAXOJUTCS BhIIIE rpaduka y,,
IIpUYEM, COTJIACHO YCIOBHUIO 3a/lauM, CPEeU PELIeHUH TOJDKHO OBITh XOTA Obl OJJHO OTpHUIIATEIbHOE.
370 OyAET B TOM M TOJIBKO TOM CIIydae, €Ciu MpsimMas Yy, OyaeT npoxoauts Huke Touku M(0; |a|)

20
[Mocnennee GyaeT UMETh MeCTO, eciti Y, (0) = 9 — e % <|a|

a
HWTak, HaM OCTaJI0Ch PELINTh HEPABEHCTBO |a| + P 9> 0.

Cnyuai 1. Crnyuaii 2
a=0 a<o0
a+i-9>0 @>° a+i-9>0 <718

OtBeT: a € (—o0; —18) U (6; +0)

Ilpumep 6.2. Haiitu Bce 3HaueHWs mapameTpa (, NPU KKIOM M3 KOTOPHIX YpaBHEHHE
2 2 o
cos(r/a” —x") =1 umeer poBHo 8 pemmenuii.

13
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v

Pewenue.
2 2
Umeem +/a” —x° =2k, keZ. Paccmorpum dynkumio y, =+a’ —x> u y, =27k.
TlepBast U3 HUX 3a7a€T CEMEHCTBO TONYOKPYKHOCTEIl ¢ LenTpoM B Touke ¢ koopaunatamu (0;0) u

paanycom \a , BTOPOE€ CEMENCTBO NPSIMBIX MapaJlIeJIbHBIX OCH a0CIIHCC.

Yucno KopHeil Oy/eT COOTBETCTBOBATh YHCIY 8 TOIJA, KOT/Ja PajlyC MONYOKPYKHOCTH OyIeT
6onpire 677 u Menbme 877, o ectb 677 <7 <87 . Omsem. — 8w <a <—67 wm 671 <a<8r1.

§7. KoopamHaTHas IVIOCKOCTD (X;a)

Paccmotpum Meron, ymporiaromuii paboTy MO peUIeHHI0 YpaBHEHUU C mapamerpoM. Meton
COCTOMT B CJIEAYIOLIEM:

1. U3 ypaBHEHHUS ¢ IEpEMEHHOM X U TapaMeTpa a BhIPa3UM MapaMeTp Kak QYHKIUIO OT X: a = f(x).
2. B xoopaunatHoii mnockoctu xOa ctpouM rpaduk GyHKuuu a = f(x).

3. PaccmoTpum npsiMble a = const U BBIJIEIUM T€ NPOMEXYTKH och Oa, Ha KOTOPBIX ATH MpSMBbIE
Y/IOBJIETBOPSIOT ~ CIEAYIONMM YCIOBUSM: a) He mepecekaer rpadpuk ¢ynxkmmu a = f(x), 6)

nepecekaer rpaduk Gyukiuuu @ = f(X) B 0HON TOUKE, B) B JABYX TOYKAX, I') B TPEX TOUKAX U
TaK Jajee.
4. Ecnu nocraBieHa 3ajjauya HalTU 3HaYeHMsI X, TO BBIpa)KaeM X 4epe3 a JUIsl KaXKI0ro U3 HalJIeHHBIX
IIPOMEXYTKOB 3HAYEHUS @ B OTIEIBHOCTH.
B3rmsin Ha mapaMeTp Kak Ha pPaBHOIPABHYIO IEPEMEHHYH0 HAXOAUT CBOE OTPaKCHHUE B
rpapuuecknx Meronax. Takum 06pa3oM, BO3HMKAET KOOpauHaTHas miockocts (X;a). Kasamocs
6I>I, TaKasd HC3HAYUTCIIbHAA JCTallb, KaK OTKa3 OT TPaAUIHWOHHOI'O 0003HaYeHus KOOpI[HH&THOfI

TUIOCKOCTH OYKBaMH X W y OIpeAessieT oauH K3 d((EKTHBHEHIINX METOJOB PEUICHUS 33/1a4 C
napaMeTpamH.

Ipumep 7.1. Ilpu kakux 3HaYEHUSAX TapaMeTpa d ypaBHEHHE A/X + d = X HMEET JiBa KOpHA?
Pewenue. llepexonum Kk paBHOCUJIBHON CUCTEME

x>0,
a=x>—x.
I'papukom ¢(yHKuMM a = x2 — x sBAsercs mapaboia, BETBM KOTOPOI HampaBlieHbl BBEpX,

1 1
BEpLIMHA N1apaboJIbl — TOYKA ¢ KOOPAUHATAMH X, = —,d, = ——
2

4

14



v

puc. 7.1

N3 rpaduka (puc. 7.1) BugHO, 4TO NIPU — Z < a <0 ypaBHeHUE MMeeT 2 KOPHS.
Omeem. llpu — Z < a <0 ypaBHeHHE UMEET JBa KOPHSL.

3amaua 7.2. Ilpu kakux 3HaueHusx a ypasHenue (a+4x —x?—1)(a+1—|x —2|) =0 umeer
POBHO TpU KOpHS?
Peuwenue.
HMmeem
[a =x?>—4x+1
a=|x—-2|-1

I'padux 5TOH COBOKYIHOCTH — OOBEIMHEHHE «yrojka» M mapadonsl (puc. 7.2). OueBUAHO IHIIbL
npsMasi a = - 1 nepecekaer noyueHHoe 00beJMHEHUE B TPEX TOUKAX.
Omeem: a = - 1

a
ak-2/-1
1
{ 2 3

7 X
-1

a-x"-é,nf

puc. 7.2

3amaua 7.3. Jlns KaIoro 3HaYeHUs a pemmTh ypaBHenue |x + 3| — alx — 1| = 4. Ilpu kakux a 310
ypaBHEHHE UMEET JBa PEIICHUS?
Pewenue.
3amernM, uTo X = | siBusieTcs KOpHeM Hariero ypaBHeHus |x + 3| —al|x — 1| =4 npu modom
3HAYCHUH TapameTrpa a. byaeM uckaTh Apyrue KOpHU.
W3 ypaBHEHHUs BBIpAa3UM a 4epe3 X.
|x + 3| — 4
Tl
|x+3|-4
lx—1]
O6uacth onpesesneHus GYHKIUHU Y4 : BCe NeHCTBUTEIbHBIC YHCa, Kpome |

PaccmoTpum rpaduku GyHkImii y; = uy,=a

15



Jlnst moctpoeHus rpaduka GyHKIUM Y4 PACKpOeM 3HAK MOy 00OMX BbIpakeHHH. [[nsa 3Toro
MpUpaBHAEM K HYIIO0 00a BbIPaXKEHUS TOJ] 3HAKAMU MOJTYJIS:

Dx+3=0 x=-3 2)x—1=0 x=1.

Hanecem touku x = —3 u x = 1 Ha yucioByw npsamywo (puc.l.l1). OHu pa3Ouau YUCIOBYIO
MPSIMYIO Ha TPU IIPOMEXKYTKA.

—
3 1 *
puc. 7.3
1) IIpu x < -3 mumeem x +3 <0, x —1<0. ITosromy [x +3|=—(x+3)=—x—-3, [x—1| =
—(x —1) = —x + 1. CnenosarensHo,
lx+3|-4 —-x-3-4 —x-7 x+7 x—1+8 8
|x — 1] —x+1 -x+1 x-—1 x—1 x—1
2) IIpu —3 < x <1 Bepaxkenue x + 3 = 0,a Beipaxenne x — 1 < 0. IMostomy |x + 3| = x + 3,
|x — 1] = —(x — 1) = —x + 1. CnenoBarensHo,
lx+3| -4 x+3-4 =x-1 x—1
y].: = = = — :—1
|x — 1] -x+1 —x+1 x—1

3) IIpu x > 1 o6a Beipakenust x +3 >0 u x —1 > 0. ITosromy|x + 3| =x+3, [x — 1| =x — 1.
CnenoBartenbHO,
|x+3]-4 x+3-4 x-1 .
Y1 = x—1]  x-1  x—-1
Wrtak, HCXOHYIO (PYHKIIUIO MOYKHO 3allMCaTh B BUJIE
8

1+

npux < —3
_ x—1
Y1 —lmpn —3<x<1
lopux > 1
I'paduk nanHoi yHKIIMU N300pakeH Ha puc. 7.4

a \

___________ —l.— 0—
\3 | _
\‘ ] x

-1
puc. 7.4

IIpu Bcex a rpaduk y, = a npencrasisier co00i npsmMble, napajienbHbie ocu Ox

W3 rpaduxa Ha puc.7.4 scHo cienyoniee:

1) IIpu a < —1 peniennii HeT

2) llpu a = —1 pemenusimu Oyayt x € [—3; 1)

3) llpu a € (—1;1) ypaBHEeHHE MMEET OJHO pEUIeHHe. OTO TOUYKa IepeceueHust TIpapuKoB
y; =1 +£ny2 = a. Umeem

14 B 8 1 1= 8 8 +1_a+7
x—l_a x—l_a X T a-1 x_a—l Ta-1 peterue
4) Ilpu a = 1 ypaBHeHHEe UMeeT petieHussMu x € (1; +0)

5) I[Ipu a > 1 rpaduku y; U y, HE IEPECEKAIOTCS U, CIEAOBATEIIFHO, YPABHECHUE HE HMEET pelIeHUN
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Tenepb, BCIOMHUB, 4TO X = 1 sABJIsIETCA KOPHEM IIPU JIFOOOM @, 100aBUM 3TOT KOPEHb BO BCE CIyYaH.
ITonyyuM OKOHYATEIBHBIN OTBET.
Omeem: npu a < —1 pemenue x = 1

npu a = —1 pemenne x € [—3; 1]
at7

npua € (—1;1) ypaBHeHusi x = l ux = )

npu a = 1 pemenne x € [1; +00)
npu a > 1 pemenue x = 1
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